Abstract. An empirical study is performed on the local-optimum space of graph bipartitioning. We examine some statistical features of the fitness landscape. They include the cost-distance correlations and the properties around the central area of local optima. The study revealed some new notable results about the properties of the fitness landscape; e.g., the central area yielded fairly good quality in the local-optimum space. We performed an experiment on a spectrum of different exploitation strengths of the central areas. From the results, it seems attractive to exploit the central area, but excessive or insufficient exploitation is not desirable.
Introduction
An NP-hard problem such as graph partitioning problem or traveling salesman problem (TSP) has a finite solution set and each solution has a cost. Although finite, the problem space is intractably large even for a small but nontrivial problem. It is almost impossible to find an optimal solution for those problems by exhaustive or simple search methods. Thus, in case of NP-hard problems, heuristic algorithms are being used. Heuristic algorithms provide reasonable solutions in acceptable computing time but have no performance guarantee.
Consider a combinatorial problem C = (Ω, f ) and a local optimization algorithm L c : Ω → Ω, where Ω is the solution space and f is the cost function. If a solution s * ∈ Ω is in L c (Ω), then s * is called a local optimum with respect to the algorithm L c . For each local optimum s * ∈ L c (Ω), we define the neighborhood set of s * to be a set N (s * ) ⊂ Ω such that, for every s in N (s * ), L c (s) is equal to s * . That is, s * is the attractor of the solutions in N (s * ). We examine the space L c (Ω) and hope to get some insight into the problem space. This is an alternative for examining the intractably huge whole problem space. Good insight into the problem space can provide a motivation for a good search algorithm.
A number of studies about the ruggedness and the properties of problem search spaces have been conducted. Sorkin [21] defined the fractalness of a solution space and proposed that simulated annealing [18] is efficient when the space is fractal. Jones and Forrest [14] introduced the fitness-distance correlation as a measure of search difficulty. Manderick et al. [19] measured the ruggedness of a problem space by autocorrelation function and correlation length obtained from a time series of solutions. Weinberger [23] conjectured that, if all points on a fitness landscape are correlated relatively highly, the landscape is bowl shaped. Boese et al. [3] suggested that, through measuring cost-distance correlations for the TSP and the graph bisection problem, the cost surfaces are globally convex; from these results they proposed an adaptive multi-start heuristic and showed that the heuristic is efficient [3] . Kauffman [15] proposed the NK-landscape model that can control the ruggedness of a problem space.
In this paper, we present a number of experiments to analyze problem spaces more elaborately. We examine the cost-distance correlations and the properties around the central areas of local optima. Based on the empirical study, we perform an experiment on a spectrum of different exploitation strengths of the central areas under a genetic algorithm (GA) framework. We perform these experiments on the graph bipartitioning problem.
The remainder of this paper is organized as follows. In Section 2, we summarize the graph bipartitioning problem, the Fiduccia-Mattheyses algorithm (FM) which is used as a major local optimization algorithm in this paper, and test graphs. We perform various experiments and analyze fitness landscapes in Section 3. In Section 4, we propose a multi-parent crossover for graph bipartitioning. Finally, we make our conclusions in Section 5.
Preliminaries

Graph Bipartitioning
Let G = (V, E) be an unweighted undirected graph, where V is the set of vertices and E is the set of edges. A bipartition (A, B) consists of two subsets A and B of V such that A ∪ B = V and A ∩ B = φ. The cut size of a bipartition is defined to be the number of edges whose endpoints are in different subsets of the bipartition. The bipartitioning problem is the problem of finding a bipartition with minimum cut size. If the difference of cardinalities between two subsets is at most one, the problem is called graph bisection problem and if the difference does not exceed the fixed ratio of |V |, the problem is called roughly balanced bipartitioning problem. Without balance criterion, we can find the optimal solution in polynomial time by maxflow-mincut algorithm [10] . In a roughly balanced bipartitioning problem, 10% of skewness is usually allowed [20] . Since it is NP-hard for general graphs [11] , heuristic algorithms are used practically. These include FM algorithm [9] , a representative linear time heuristic, PROP [5] based on probabilistic notion, LG [17] based on lock gain, etc. In this paper, we consider only roughly balanced bipartitioning problem allowing 10% of skewness.
Fiduccia-Mattheyses Algorithm (FM)
Fiduccia and Mattheyses [9] introduced a heuristic for roughly balanced bipartitioning problem. The FM algorithm as well as the Kernighan-Lin algorithm (KL) [16] is a traditional iterative improvement algorithm. The algorithm improves on an initial solution by single-node moves. The main difference between KL and FM lies in that a new partition in FM is derived by moving a single vertex, instead of KL's pair swap. The structure of the FM algorithm is given in Figure 1 . FM proceeds in a series of passes. In each pass, all vertices are moved in chain and then the best bipartition during the pass is returned as a new solution. The algorithm terminates when one or a few passes fail to find a better solution. With an efficient data structure, each pass of FM runs in Θ(|E|) time.
Test Beds
We tested on a total of 17 graphs which consist of two groups of graphs. They are composed of 17 graphs from [13] (9 random graphs and 8 geometric graphs). The two classes were used in a number of other studies [20] [4] [1] [17] . The classes are briefly described below.
1. Gn.d: A random graph on n vertices, where an edge is placed between any two vertices with probability p independent of all other edges. The probability p is chosen so that the expected vertex degree, p(n − 1), is d. 2. Un.d: A random geometric graph on n vertices that lie in the unit square and whose coordinates are chosen uniformly from the unit interval. There is an edge between two vertices if their Euclidean distance is t or less, where d = nπt 2 is the expected vertex degree.
Investigation of the Problem Space
In this section, we first extend the experimentation of Boese et al. [3] to examine the local-optimum space. We denote by local-optimum space the space consisting of all local optima with respect to a local optimization algorithm. Next, we examine the area around the "central point" of local optima. In our experiments, we use a sufficiently large number of local optima. We do not care about solutions other than local optima. The local optimizer in our experiments is the FM algorithm.
In the graph bipartitioning problem for a graph G = (V, E), each solution (A, B) is represented by a |V |-bits code. Each bit corresponds to a vertex in the graph. A bit has value zero if the vertex is in the set A, and has value one otherwise. In this encoding, a vertex move in the FM algorithm changes the solution by one bit. Thus, it is natural to define the distance between two solutions by the Hamming distance. However, if the Hamming distance between two solutions is |V |, they are symmetric and equal. We hence define the distance between two solutions as follows.
Definition 1 Let the universal set U be {0, 1}
|V | . For a, b ∈ U , we define the distance between a and b as follows:
where H is the Hamming distance.
Cost-Distance Correlation
Given a set of local minima, Boese et al. [3] plotted, for each local minimum, i) the relationship between the cost and the average distance from all the other local minima, and ii) the relationship between the cost and the distance to the best local minimum. They performed experiments for the graph bisection and the traveling salesman problem, and showed that both problems have strong positive correlations for both i) and ii) in the above. This fact hints that the best local optimum is located near the center of the local-optimum space. From their experiments, they conjectured that cost surfaces of both problems are globally convex. In this subsection, we repeat their experiments for other graphs and extend their study to get more insight.
The solution space for the experiment is selected as follows. First, we choose thousands of random solutions and obtain the corresponding set of local optima by locally optimizing them. Next, we remove the duplicated solutions in the set if any. Figure 2 shows the plotting results for the graph U500.10. It is consistent with Boese et al. ' s results with strong cost-distance correlation. More statistics for a number of graphs are given in Table 1 . The meaning of each item in the table is as follows. "Population size" means the number of local optima we used for each graph. "Best cut" is the cost of the best local optimum. "Average cut" is the average cost of the local optima. "Cost-distance correlation" is the correlation Cut Size
Distance to the best local minimum Fig. 2 . Relationship between cost and distance: U500.10 (see Table 1 ) coefficient between the costs of local optima and the average distances from the other local optima. "Central point cut (CP)" is the cost of the approximate central point of the local-optimum space (see Section 3.2 for the approximate central point). "CP + local opt" is the cost after local optimization on the approximate central point. Finally, "Average distance" means the average distance between a pair of local optima. Overall, each graph showed strong positive correlation. Depending on graphs, correlation coefficients were a bit different. Geometric graphs showed larger correlation coefficients than random graphs. In the statistical data of Table 1 , each population was obtained from 10,000 random initial solutions. Among the six graphs, four graphs had no duplications and the other two graphs had 123 and 698 duplications, respectively. It is surprising that there were no duplications in the first 10,000 attractors for four of them. It seems to suggest that the number of all possible local optima with respect to FM is immeasurably large. Figure 3 , Table 2, and Table 3 compare the data with different local optimizers. A greedy local optimizer which moves only vertices with positive gain was named GREEDY. Its principle is the same as that of the steepest descent algorithm in the differentiable cases. NONE means a set of random solutions without any local optimization. From the cut sizes in Table 2 and Table 3 , FM is clearly stronger than the GREEDY algorithm. The stronger the local opti- Fig. 3 . Relationship between cost and distance with different local optimizer in the graph U500.05 (see Table 3 ) mizer, the smaller the average distance between two local optima and the more sharing among local optima. However, from Tables 1-3 , it is surprising that, differently from our expectation, the average distance between two arbitrary local optima is nearly 80% ∼ 90% of the possible maximum distance |V |/2 . This is an evidence of the huge diversity of local optima. In Figure 3 , a stronger local optimization shows stronger cost-distance correlation. Since the average distances in graphs are various, these values may have some potential to be used as measures of the problem difficulty with respect to a local optimizer. 
Approximate Central Point
The results of Boese et al. [3] for the TSP and the graph bisection problem suggest that the best solution is located near the center of the local-optimum space. As a result of this, given a subspace of local optima for a problem, the "central point" 3 of the subspace may be near the optimal solution. Hence, computing the "central point" not only supports the results of Boese et al. but may also be helpful for obtaining the optimal solution.
Given a subspace Ω of the whole solution space in the graph bipartitioning problem, the "approximate central point"
4 is computed as follows. Let one of the two encodings of the best solution in Ω be p best . First, since each solution has a pair of encodings, we make a set S Ω that contains only one encoding e for each solution in Ω so that the Hamming distance between e and p best is not greater than |V | /2 . Next, for each position, count the number of 0's and that of 1's for all elements of S Ω . Make the approximate central point c so that each position of c has the more-frequently-appeared bit. Then, the approximate central point c is closer to the center 5 of Ω than p best . 6 That is, we have the following proposition.
Q.E.D.
Although the approximate central points are calculated through a simple computation, it turned out that the costs of the approximate central points are quite attractive (see Tables 1-3 ). It is amazing that the cut size of the approximate central point without any fine-tuning was sometimes equal to or better than that of the best solution (see the cases of U500.05 and U500.10 in Table 1 ). In order to check the local optimum near the center, we applied local optimization to the approximate central point. The results are in the row "CP + local opt" of Tables 1-3 . In all of the ten cases, the costs of the local optima near the approximate central points were at least as good as those of the best solutions; surprisingly enough, they were better than those of the best solutions in five cases of them. This shows the attractiveness of the central area of the local-optimum space, and provides a motivation for intensive search around the central area.
Exploiting Approximate Central Points
We observed in Section 3.2 that the approximate central points obtained by simple computation are quite attractive. In this section, we propose a pseudo-GA that exploits the areas around the approximate central points. Based on the GA, we perform an experiment on how strong exploitation of the central area is desirable.
A Pseudo-GA That Exploits the Central Areas
Multi-parent crossover is a generalization of the traditional two parent recombination. It was first introduced by Eiben et al. [8] and has been extensively studied in the past [7] [6] [22] . But, it is not adequate for problems with multiple representations for a solution like the graph partitioning problem. Unlike previous works, our multi-parent crossover is designed based on the statistical features of problem spaces. The offspring of our multi-parent crossover is exactly the approximate central point of the solutions in the population. Formally, the process of our multi-parent crossover is as follows. Consider the distance measure d defined in Section 3, the parent set P , and a parent p k in P . 7 For each parent a ∈ P , if
, make a transition that interchanges 0 and 1 at every gene position of a. Let the new set resulted from the transitions be
where B j (x) is the j th gene value of x. Figure 4 shows the template of pseudo-GA that is designed to exploit the central areas. It is a type of hybrid steady-state genetic algorithm using the multi-parent crossover described above.
-Initialization and genetic operators: The GA first creates K local optima at random. We set the population size K to be from 10 to 100. Simply, the total population is selected as the parent set and the GA performs K-parent crossover on them. Then the mutation perturbs the offspring by R percent. Mutation is important in this model since the crossover strongly drives the offspring to the central area; thus an appropriate degree of perturbation is needed. -Local optimization: One of the most common local optimization heuristic for graph partitioning is the FM algorithm. We apply it to the offspring after mutation. -Replacement and stopping condition: After generating an offspring and applying a local optimization on it, the GA replaces the most similar member of the population with the offspring. Maintaining population diversity, a randomly generated local optimum replaces the most similar member of the population per generation. It stops after a fixed number, (M − K)/2, of generations.
Experimental Results
We tested the GA with a number of different population sizes. The population size is denoted by K. K is also the number of parents for crossover; in other words, it is the degree of exploitation around the central area. The values of K represent a spectrum of the exploitation strengths of the central area. If K is equal to M , since it just generates initial population without genetic search, the heuristic equals the multi-start heuristic. The multi-start heuristic returns the best local optimum among a considerable number of local optima fine-tuned from random initial solutions. Although the multi-start heuristic is simple, it has been useful in a number of studies [12] [2].
The experimental results are given in Table 4 . We used the FM algorithm as the local optimizer. We set M and R to 1,000 and 20 respectively in all cases and performed 100 runs for each case.
Overall, one can observe that it is helpful to exploit the central areas to some extent. Figure 5 shows two sample plottings, which have roughly bitonic Table 4 and Figure 5 show that it is useful to exploit the central area, but that excessive or insufficient exploitation is not desirable. Table 4 5 Conclusions
The fitness landscape of the problem space is an important factor to indicate the problem difficulty, and the analysis of the fitness landscape helps efficient search in the problem space. In this paper, we made a number of experiments and got some new insights into the global structure of the graph-partitioning problem space. We extended previous works and observed that the central area of multiple local optima is quite attractive. For the other geometric graphs (U500.10, U500.20, U500.40, U1000.20, and U1000.40)
not shown here, all the methods always found the best known.
It seems clear that there are high-quality solutions clustered near the central area of local optima. Hence, it is attractive to exploit the central area. Too much exploitation of the central area perhaps makes the search diversity low. It seems desirable to exploit the central area avoiding excessive or insufficient exploitation. We showed that the performance of search could be improved by a multi-parent crossover based on the exploitation of the central area. The results presented in this paper can also be good supporting data for the previous studies on multiparent crossover [8] [7] [6] [22] . More theoretical arguments for our empirical results are left for future study.
Our results were achieved in a specific problem, the graph partitioning problem. However, we expect that many other hard combinatorial optimization problems have similar properties. For example, in case of cost-distance correlation, TSP showed similar property to the graph partitioning problem [3] . We hope this study provides a good motivation for the investigation of problem spaces and the design of more effective search algorithms.
